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I. INTRODUCTION 
A, Incentive for Studying Problem 
A major incentive for studying the flow of an incompress­
ible fluid through a converging-diverging tube comes from the 
medical field. In the arterial systems of mammals, it is 
quite common to find narrowings, or stenoses, some of which 
are, at least approximately, axisymmetric or "collar-like". 
These constrictions may be caused by intravascular plaques or 
the impingement of ligaments or spurs on the vessel wall (1,2). 
Once a vascular lesion has developed, there may be a "coupling" 
effect between its further development and the changed flow 
characteristics (3). A knowledge of the flow characteristics 
in the vicinity of a stenosis may help to further under­
stand some of the major complications which can arise from 
such constrictions. These include: 
(a) An ingrowth of tissue into the artery 
(b) The development of a thrombus (an intravascular 
clot) 
(c) The weakening and bulging of the artery downstream 
from the stenosis (post-stenotic dilatation). 
An ingrowth of tissue into the artery not only causes an 
increased resistance to flow, but it may also reduce the 
blood flow through the artery. Of course the tissue may 
continue to grow until the artery is completely occluded. 
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The formation of mural thrombi at the location of a narrowed 
artery results in the same complications as for the ingrowth 
of tissue. There is the additional hazard of a piece break­
ing off (an embolus) and subsequently lodging in a smaller 
vessel, thus blocking the flow. The weakening and subse­
quent bulging of the artery downstream from a stenosis 
introduces the possibility of rupture with fatal consequences. 
Until recently, it has commonly been thought that 
atherosclerotic plaques are caused primarily by faulty lipid 
metabolism. Since these plaques are rich in lipids and are 
quite often found in animals which have been fed a high 
cholesterol diet, most of the research on the causes of 
atheroma has been concerned with the metabolism of lipids. 
However, Fox and Hugh (4) suggest another possible cause of 
atherosclerosis. It is their proposal that the development 
of atheroma is due to intravascular clotting. They credit 
Rokitansky (5) with originating the idea in 1844, and argue 
that since atherosclerotic lesions are most commonly found 
at the entrances of branching vessels, in curved arterial 
segments, or generally at locations of abrupt changes in 
geometry (and thus in the flow characteristics), that any 
theory for their formation and growth must take into account 
the flow characteristics of the blood. Fox and Hugh (4) 
indicate that in the arterial system static zones occur, which 
are due to separation of the main flow from the walls of the 
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arteries. It is suggested that in these zones there is an 
interaction of platelets and fibrin to form a mesh in which 
lipid particles become trapped, with the subsequent formation 
of a plaque of atheroma. Certainly thrombus formation is 
one of the major complications of prosthetic heart valves, 
and many investigators have suggested that stagnation zones 
near the valve contribute to the formation of thrombi. Thus 
it seems reasonable that if separation regions of relatively 
stagnant flow occur near stenoses, that they may well 
contribute to the problems of thrombosis. 
A primary goal of the present investigation was to 
predict analytically when (at what Reynolds number) and where 
(along the stenosis) separation of the flow occurs for a 
stenosis of given geometry. An experimental program was 
carried out to check the theory. In the theoretical develop­
ment the fluid is assumed to be Newtonian. Thus it might 
be reasonably valid for water or glycerol-water solutions 
(which are commonly used as blood analogs) but not necessarily 
valid for whole blood, which behaves as a non-Newtonian 
fluid under certain flow conditions. Therefore, in addition 
to water and glycerol-water solutions, whole blood was also 
used in the system, and the results obtained (pressure drop 
and the region of separation) are compared with the other 
experimental results as well as with those predicted theoreti­
cally. The author is not aware of any similar investigations 
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in which the flow characteristics of blood are compared to 
those of a blood analog. 
In the medical literature on atherosclerosis and its 
attendant complications of thrombosis and aneurysm formation, 
one can find other flow characteristics mentioned which are 
believed to contribute to the formation and growth of vascular 
lesions. Such terms as pressure, shearing stress, vortices, 
and turbulence, are frequently mentioned (see for example 
references 1-9). Some of these ideas will be considered 
when discussing the theoretical and experimental results. 
Finally, it should not be concluded that the flow 
characteristics of blood are the only factors to consider in 
the development of vascular lesions. Certainly the rheological 
properties of the tissues (blood and arterial wall), the 
electro-chemical environment near the arterial wall, and the 
biochemistry and histology of the tissues must be studied in 
conjunction with the flow characteristics in hopes of obtaining 
a better understanding of arterial disease. 
B. Statement of Problem 
The specific problem which is considered, both theoreti­
cally and experimentally, in this investigation is that of 
the steady, laminar, axisyrametric flow of an incompressible 
fluid through a rigid converging-diverging tube. As noted 
previously for the theoretical analysis, the fluid is 
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considered to be Newtonian. The walls of the tube are taken 
to be straight and parallel except in the converging-diverging 
portion. Since only axisymmetric flow is considered, the 
tube must have circular cross sections at all locations. A 
sketch of the tube together with the forms of velocity 
profiles which are intuitively expected at various sections, 
is shown in Fig. 1. 
It is noted in Fig. 1 that in the diverging portion of 
the tube a region is shown where the fluid adjacent to the 
walls is moving in a direction opposite to that of the main 
stream. The fluid inside the region bounded by the dotted 
lines is expected to circulate in the manner indicated, and 
not move downstream with the main body of fluid. The dotted 
lines represent a streamline (a line which is everywhere 
tangent to the velocity vectors) and the phenomenon indicated 
is known as streamline separation, or simply separation. The 
separation point and the reattachment point are located at 
the upstream and downstream ends, respectively, of the 
separation region. Due to symmetry these points form a 
continuous curve circumferentially around the tube so that 
there actually exists "separation and reattachment lines". 
Streamline separation will be discussed further in Sec. C of 
this chapter. 
An approximate solution which predicts the velocity pro­
files along the converging-diverging tube has been obtained 
I 
I 
Separation 
Point 
Reattachment 
Point 
Separation Region 
Figure 1. Expected velocity profiles in a converging-diverging tube 
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and is described in Chapter III. Expressions are also 
obtained for the separation and reattachment points (if 
separation occurs), the wall shearing stress, and the 
pressure drop along the stenosis. 
Admittedly, some of the restrictions imposed upon the 
problem are not satisfied in a biological system. Therefore, 
each of the assumptions will be considered in more detail in 
the following paragraphs. 
The first assumption listed is that of steady flow; 
this assumption is definitely not valid in the larger 
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arteries. McDonald (10) states that if the parameter (w/v) 
is less than one, then the flow may be treated as quasi-
steady, where is the radius of the artery, w is the 
characteristic frequency of the pulsations, and v is the 
kinematic viscosity of the blood. This condition is usually 
satisfied in the smaller arteries. There may also be cases 
where a quasi-steady flow is obtained in some of the larger 
arteries, due to a congenital or acquired constriction in a 
major artery (11). Bernstein, et al. (12) state that a minimal 
pulsatile flow is obtained as the result of coarctation of the 
aorta, "pulseless disease", arteriosclerotic occlusions of 
various major arterial branches, and severe aortic stenosis. 
Therefore, it must be concluded that the restriction of steady 
flow is a severe one, but that it may be a reasonably good 
assumption in certain parts of the arterial system. 
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The assumption of laminar flow is not expected to be 
restrictive in those portions of the arterial system where 
the flow is nearly steady; A "collar-like" stenosis 
(centrally located between any two branches) in a relatively 
straight artery will fit the ideal geometry about as well as 
can be expected. This type of configuration will approxi­
mate the axisymmetric condition. 
~ Blood may be considered to be an incompressible fluid, 
but the assumption of a rigid tube should be discussed. An 
artery is a slightly tapered tube which has viscoelastic 
properties. However, neither one of these characteristics 
is expected to seriously affect the results obtained for 
steady flow. If a stenosis has developed, the arterial wall 
has undoubtedly undergone some complex physiological changes, 
but the gross result is generally a hardening of the walls 
of the artery. The slight taper of the arterial walls in 
the direction of flow will tend to stabilize the flow which 
is entering and leaving the converging-diverging section. 
If the arterial wall upstream and downstream is not extremely 
smooth, any taper which helps to stabilize the flow will be 
an asset. 
Although blood is actually a non-Newtonian suspension 
of cells in plasma, it may be considered to flow as a homo­
geneous, Newtonian fluid in vessels greater than 0.5 mm in 
diameter (10). Other investigators (13, 14, 15) have found 
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that the rheological characteristics of blood arise from the 
action of fibrinogen on the red blood cells, and that blood 
does have a yield stress (due to the fibrinogen). They have 
concluded that the non-Newtonian characteristics of blood are 
apparent only at low rates of shear, and that for shear rates 
above 100 sec blood can be considered to be a Newtonian 
fluid. Thus it was expected that the non-Newtonian character­
istics of blood would not be important in the present in­
vestigation, except possibly in the vicinity of the separa­
tion region where low shear rates would occur. 
C. Streamline Separation 
"Poiseuille flow" is obtained for the case of fully 
developed, steady laminar flow of a viscous, incompressible, 
Newtonian fluid flowing through a straight circular tube. 
The velocity profile is parabolic at any section along the 
tube, the streamlines are straight and parallel, and there 
is no change in any of the flow characteristics along the 
tube. If a converging-diverging section is added, the 
velocity profiles will change, and thus cause a change in 
the other flow characteristics. 
When streamlines are converging in the direction of flow, 
the negative pressure gradient associated with the convective 
acceleration (the mean velocity increases in the direction 
of flow) combines with the viscous effects in retarding the 
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fluid elements. Thus, in a slightly converging tube, the 
velocity distribution near the center of the tube becomes 
somewhat flatter than the parabolic distribution, and the 
slight convergence has a tendency to stabilize the laminar 
mode of flow (16). 
When the streamlines are diverging, the mean velocity 
decreases in the direction of flow and there is an increase 
in pressure due to the Bernoulli effect. This increased 
pressure, when combined with the pressure drop due to friction, 
may be sufficiently large to cause an adverse pressure gradient 
to develop, i.e., the resultant pressure may be increasing in 
the direction of flow. The motion of a thin layer of fluid 
adjacent to the wall is retarded by the wall friction 
and the adverse pressure gradient, but moved forward by the 
fluid above it because of viscous effects. If the adverse 
pressure gradient becomes sufficiently large, it will cause 
the slowly moving particles of fluid near the wall to reverse 
their direction of flow and a separation region will develop. 
In discussing boundary layer separation, Schlichting (17) 
defines the separation point as the limit between the forward 
and reverse flow in the layer of fluid adjacent to the wall; 
that is where 
'#y.. = ° 
where u is the component of velocity parallel to the wall and 
y is in a direction normal to the wall. The same definition 
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may be used for the reattachment point. Because the present 
problem is not considered to be a boundary layer type of 
problem in the classical sense (no potential core of fluid 
is assumed), the expression "streamline separation" is pre­
ferred over the term "boundary layer separation" to describe 
the phenomenon. Reference to Fig. 1 indicates that the 
streamlines (forming a stream surface) which ran along the 
wall of the tube before separation occurred take new posi­
tions (dotted lines) when there is separation in the 
diverging portion of the tube. The separation point is a 
point of stagnation on the streamline which divides the on­
coming flow from the reverse flow. Since there is no flow 
across a stream surface, the oncoming fluid must move away 
from the boundary at the separation point. 
The pattern of flow in Fig. 1 is essentially that of 
laminar separation. The separation region, which is enclosed 
by the stream surface which passes through the separation 
and reattachment points, is fairly well defined, and there 
is no turbulent mixing within the region. As the Reynolds 
number is increased and the separation region grows larger, 
turbulent eddies will develop within the separation region, 
and some will move on downstream. Thus large energy losses 
are usually associated with separation. If the flow field 
preceding the constriction is turbulent, the general effect is 
to delay separation by either moving the separation point 
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downstream, or to maintain flow without separation (18), 
This is due to the mixing action of turbulence which tends to 
replace the normally slow moving fluid near the boundary 
with fluid of higher kinetic energy. 
To conclude this section, some general characteristics 
of the separation phenomenon which make it difficult to pre­
dict analytically will be mentioned. For a more complete 
discussion, references 16-21 should be consulted. 
It was noted that separation is caused by an adverse 
pressure gradient. Once separation does occur, the pressure 
distribution is modified, and the separation point moves 
upstream to an equilibrium position. Further, adverse 
pressure gradients favor the transition to turbulent flow, 
so the flow may be expected to become turbulent at lower 
Reynolds numbers than are required in straight pipe flow. 
The flow in a diverging geometry is inherently unstable, and 
non-symmetrical velocity distributions may be expected. 
Random variations in pressure and velocity within a separa­
tion region may be expected except at small Reynolds numbers 
which are slightly above the critical Reynolds number required 
to cause separation. 
Because of the characteristics of the separation 
phenomena mentioned above, it is very difficult to character­
ize separation phenomena. 
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II. REVIEW OF LITERATURE 
A. Theoretical Work 
1. General review 
Ideally, the motion of an incompressible, Newtonian fluid 
through a tube of axially varying cross section can be describ­
ed exactly by the Navier-Stokes equations of motion and the 
equation of conservation of mass. However, to the author's 
knowledge, the problem has not been studied extensively because 
of the inability to solve the resulting non-linear equations 
together with their associated boundary conditions. In re­
viewing the literature on flow through tubes or channels 
having non-parallel walls one is continually referred back to 
the work of Blasius (22), Jeffery, (23) and Hamel (24). 
Blasius investigated in 1910 the cases of two dimension­
al and axisymmetric steady flow through channels and tubes with 
small exponential divergence. Using a method of successive 
approximations, he developed a solution of the two-dimensional 
Navier-Stokes equations. He found that backflow will occur 
35 in a divergent channel when mRe = —j , where m is the slope 
of the channel and Re is the Reynolds number. 
Blasius also briefly outlined how the same type of pro­
cedure could be used to calculate the flow patterns in a 
slightly diverging (exponentially) tube of circular cross 
section. Since the theoretical results of the author's in­
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vestigation are similar to those obtained by Blasius for the 
diverging tube, a more detailed review of his work will be 
given in a separate section of this chapter. 
Abramowitz (25) extended the Blasius theory for linearly 
diverging channels and, for a fixed mRe, has shown that the 
separation point moves downstream from the entrance as the 
Reynolds number is increased and the angle of divergence is 
decreased. 
The case of two-dimensional, steady flow in a wedge-
shaped convergent or divergent channel was studied by Jeffery 
(23) in 1915 and independently by Hamel (24) in 1916 (17). 
Using the assumptions that the entrant flow was radial, exact 
solutions to the Navier-Stokes equations in polar coordinates 
were obtained in the form of elliptic functions. 
It was hoped that an analog of the Jeffary-Hamel solu­
tions could be found for the axisymmetric problem of source 
flow from the apex of a cone. If such a solution existed, it 
could possibly be extended for flow through a converging-
diverging tube. However, Langlois (26) states that re­
searchers have been unsuccessful in trying to find an exact 
solution to the axisymmetric problem. He shows for the cone 
problem that one cannot make the assumption of purely radial 
flow, at least for an incompressible fluid without body forces. 
There must also be a velocity component in the 0 - direction 
(measured from the axis of the cone), so that eddies are 
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formed. Thus he concludes there is little hope of obtaining 
an exact solution for this flow problem, as the Navier-Stokes 
equations are too complicated. 
The problem of steady flow through an axially symmetric, 
time-dependent stenosis in a rigid tube was studied by Young 
(3). As in the present investigation, his incentive for 
studying the problem came from the biological area, and 
he discussed some possible biological reactions of the flow. 
As a growth in an artery becomes larger, one expects that 
the flow characteristics will change. Thus Young classified a 
developing stenosis into three stages. The first stage includes 
the initial development of the stenosis. The size of the pro­
tuberance is considered to be small enough so that no flow 
separation occurs. As the lesion continues to develop and 
project into the lumen, a geometry is obtained such that 
separation occurs and laminar backflow develops. Thus a 
second stage (Stage II) is reached. Stage III occurs when 
the stenosis has grown to such a size that turbulence develops 
in the separated region, and the region is no longer localized 
but extends downstream. 
In his analysis. Young considered flow through a "mild" 
stenosis (Stage I), By performing an order of magnitude 
analysis, he showed that the Navier-Stokes equations and 
continuity equation reduced to the two equations obtained 
for Poiseuille flow, i,e, the convective acceleration terms 
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were negligible. Thus a parabolic velocity distribution 
was obtained at each cross section, and the local pressure 
gradient and wall shearing stress relationships at any given 
position along the stenosis were the same as those for 
Poiseuille flow through a tube having the same diameter 
as the given cross section. From Young's plots, it is 
observed that the pressure drop across the stenosis and 
the wall shearing stress at the throat increase rapidly 
as the height of the growth is increased. 
2. Summary of Blasius' solution 
Reference has already been made to the work of Blasius 
(22). The purpose here is to briefly summarize the method 
he used to study the flow characteristics in a slightly 
diverging tube of circular cross sections. The notation 
used will be the same as that used in Chapter III. 
Blasius restricted his investigation to tubes where R 
(the radius) varied slowly with z, (the axial coordinate), 
and stated that every differentiation with respect to z 
should lower the order of magnitude, e.g. R = a + be where 
e is a small quantity. He argued that since ^  was small, v 
(the radial component of velocity) would remain small like e, 
and, in general, every differentiation with respect to z, 
even of u (the axial component of velocity) and v, would cause 
a decrease in the order of magnitude. As in the present 
investigation, he started with the Navier-Stokes equations for 
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axisyitimetric flow, and used a method of successive approxi­
mations in conjunction with an order-of-magnitude analysis 
to obtain his results. 
In his first approximation, Blasius assumed (by means 
of an order-of-magnitude analysis) that a parabolic velocity 
distribution existed at each cross section of the tube. He 
found that 
2 2 
u, = [1 ~ ^ 1 = 2U [1 - —y] 
i = 2ÛI [1 - § 
!£i=. 812 
where Q is the volumetric flow rate, Û is the average velocity 
at any cross section, y is the absolute viscosity of the 
fluid, and p is the static pressure. The subscript 1 refers 
to the first approximation. It is noted that v^  ^ is of the 
order of eu^ . 
For his second approximation, Blasius substituted 
u = Ui + Uj 
V = + Vj 
p = Pi + Pj 
into the original three equations and again looked at the 
order-of-magnitude of the terms involved. The terms in u,, 
V,, and p- that didn't go to zero because of the first 
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approximation became the impressed forces (the inertia terms) 
of the second approximation. Thus Blasius' method amounts 
to calculating the inertia terms from the first approxima­
tion and introducing them into the equations as external 
forces for the second approximation. This procedure is 
commonly used to extend the equations of creeping motion 
to applications involving larger Reynolds numbers. However, 
the method gets extremely long and difficult after two 
approximations, and Blasius stated that there was no need 
to go further. The results he obtained are as follows: 
= ^  ^ = - âtiQ + mL « 
3z 9z 9z j^ 2 5^ dz 
2 
U=U,+u~ = —^ y[l - —y] 
^ ^ HR"^  R 
Blasius specified the condition for separation as 
au 
9r 
= 0 
r=R 
or 
where v is the kinematic viscosity of the fluid. 
These results will be compared with those obtained in 
the present investigation in Chapter III. 
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B. Experimental Work 
An attempt was made to uncover experimental data on the 
velocity profile and/or pressure distribution for an in­
compressible, Newtonian fluid flowing through a converging-
diverging tube. Only one applicable study was found. In an 
experimental investigation using air flowing through an 
exponentially diverging two-dimensional channel, Patterson 
(27) measured the velocity profiles along the channel and 
compared his results to those predicted by Blasius. Using a 
Reynolds number of 35, (based on throat conditions) Patterson 
found (for the channel he had constructed) that the experi­
mental and theoretical profiles superimposed up to the value 
dz 
of Re ^ = 2 where z is the wall coordinate and x is the 
axial coordinate. Since the wall slope must be small to 
satisfy the Blasius theory, this value seems reasonable 
for a Reynolds number of 35. However, even for values of 
dz Re ^ up to 8.70 (the largest investigated by Patterson) 
there is less than 15% maximum deviation between the velocity 
profiles as measured by Patterson (see p. 683 of reference) 
and as predicted using the Blasius theory. Separation 
(which was symmetrical) was observed to commence at 
dz ~ Re ^ = 6.00 as compared to the value of 17.5 which is pre­
dicted from the Blasius theory. Since Patterson was using a 
dz Reynolds number of 35, the wall slope ^ was equal to 0.171 
(6.00/35), which may be too large to satisfy Blasius' 
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requirement that the slope be small. Patterson had found in 
earlier work (28) that for his channel the velocity profiles 
were only symmetrical up to Re = 36, and thus his reason for 
choosing a Reynolds number of 35. 
Many medical researchers have attempted to correlate 
the formation and growth of vascular lesions with the hydro­
dynamics of blood flow. Of particular interest to the present 
investigation are those studies which have been made to deter­
mine the effects of external constriction of arteries in 
experimental animals. Three studies involving three different 
aspects of the problem will be reviewed. To conclude this 
chapter, a brief discussion will be given of an investigation 
to quantify cellular damage associated with increased blood 
velocity. 
Rodbard (29) has shown that progressively stenotic lesions 
develop in arteries of chicks and dogs which have been 
partially occluded by sutures. He found that in some of the 
animals there was an ingrowth of fibrous connective tissue 
into the lumen of the artery immediately distal to the 
suture. The geometry of the growths varied. Some in­
growths resembled those which occur in valvular stenoses while 
others resembled those found in coarctation of the aorta. He 
attributed the intimai proliferation to hydrodynamic factors 
which lower the pressure locally, but later (2) rejected this 
idea and stated that the local shear force on the vessel wall 
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appears to be the determinative factor. 
Roach (1) states that post-stenotic dilatation can 
occur beyond almost every type of arterial constriction, both 
intrinsic and extrinsic. In a study to determine the possible 
cause of post-stenotic dilatation (1), he banded the femoral 
and/or carotid arteries in twenty-six adult dogs. He found 
that a "moderate" stenosis, defined by the presence of a 
distal thrill and bruit, always produced post-stenotic dila­
tation, but that none was produced by a "minimum" stenosis, 
defined as one with no palpable change in distal pulsation and 
no thrill or bruit. He concluded that a dilatation will 
develop if turbulence, as defined by the presence of a thrill 
and bruit, is present, and rejected the idea that the disten­
sion of the wall is caused by increased pressure, as proposed 
by some investigators, 
A third complication which can arise due to the develop­
ment of a stenosis is that of a reduction of flow to the 
vascular bed supplied by the stenosed artery, Brice, et al, 
(30) investigated both ^  vivo and in vitro the flow through 
and pressure drop across externally constricted human carotid 
arteries. They observed no significant change in either the 
mean flow rate or the pressure drop until the artery had 
been constricted so severly that the cross-sectional ai^ a 
was only approximately 1/6 of its original value. They 
attributed these phenomena to a relatively small resistance 
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(pressure drop/rate of flow) caused by the stenosis as compared 
to the total peripheral resistance. Other investigators 
(2, 31) have pointed out that a stenosis (excluding a very 
severe constriction) may not significantly affect the flow 
rate during resting conditions due to autoregulatory mechanisms. 
However, an increase in activity of the tissue supplied by the 
artery may well require flow rates which will be limited by 
the resistance of the stenosis. 
Fry has made a very thorough investigation of acute 
endothelial changes associated with large velocity gradients 
(32). He inserted a plug with a narrow channel along the 
outer edge into the thoracic aorta of dogs. Thus the aortic 
blood stream was forced to rapidly converge and flow through 
the channel. The endothelial surface overlying the channel 
was therefore subjected to a large range of shearing stresses, 
which Fry was able to quantify. He was also able to quantify 
the acute changes in the endothelial histology along the 
channel. He found that there appeared to be an "acute yield 
stress", above which deterioration of the endothelial surface 
occurred. He also found that endothelial cells were damaged 
in the region of highly turbulent efflux from the plug 
channel, although the time-smoothed shearing stress was 
negligible in this region. Fry speculated that this damage 
was related to the turbulent energy of the efflux, and 
23 
suggested that some band of frequencies or amplitudes was 
required to cause the damage. 
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III. THEORETICAL CONSIDERATIONS 
As Stated in the introduction, an approximate solution 
will be obtained for the steady, laminar, axially-symmetric 
flow of an incompressible Newtonian fluid through a straight, 
rigid tube having in it a converging-diverging section. Only 
the flow field through the converging-diverging portion will 
be analyzed, since the geometry of the axially-varying cross 
section will be such that one can presume that Poiseuille flow 
exists upstream and downstream from the stenosis. The geometry 
chosen is the same as that studied by Young (3) and is shown 
below. The equation of the stenosis is given by the 
Figure 2. The converging-diverging tube 
expression 
R = R, - $(1 + cos % (1) 
o 2 %() 
Therefore, the constriction is symmetrical about the plane 
z = 0 in addition to being axisymmetric. Cylindrical polar 
coordinates are used, and u and v denote the velocity components 
in the axial (z) direction and the radial (r) direction. 
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respectively. It is noted that the tube has a constant cross 
section except in the region -  ^z £ Z^ . 
If body forces are neglected, along with any motion 
in the circumferential direction, the Navier-Stokes equations 
of motion in cylindrical coordinates for steady incompres­
sible flow reduce to 
+ + + (2) 
<3' 
In Eqs. 2 and 3, the pressure gradients represent the 
driving forces for the flow. The non-linear convective 
acceleration terms account for the inertial effects of the 
fluid and with their inclusion the possibility of separa­
tion exists. The remaining terms in the two equations 
represent the viscous forces which oppose the fluid motion. 
The flow field must also satisfy the CUÏltinuity equation 
(rv) = 0 (4) 
Since a general solution of the above system of non­
linear partial differential equations has not been obtained, 
it becomes necessary to work in terms of approximate models. 
A common approach is to perform an order-of-magnitude 
analysis in hopes of eliminating any terms from the equations 
which contribute negligibly to the problem being considered. 
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This method will be used in the present analysis. Dimension-
less variables will be defined as follows: 
— r — z — u 
Z u R (5) 
o 
where is a characteristic velocity in the z - direction 
g 
and e = — . The dimensionless space variables and the 
o^ 
velocity components now have an order of magnitude of unity 
or less. Furthermore, if the functions v and u are smooth 
and continuous, their derivatives are also expected to have 
an order of magnitude of unity (33). Equations 2 to 4 are 
now put into dimensionless form by means of the above trans­
formations . 
= ^  + i IB + (^ ) 2 (6) 
3z 3? Ëe^  t  8? >z^ 
22 + (i.)27 2Ï+ 3Ë = 
o o 9z o 9r ar 
O 
— + (|-) (-) — (Î V) =0 (8) 
9z o^ r 9? 
g 
The assumption is now made that — = E << 1 so that the 
o 
slope of the protrusion is everywhere very small; the flow is 
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nearly one-dimensional. From Eg. 8 it is noted that ^  is 
6 3 z 
of the order of denoted symbolically as 
g— S ® 
—^ 0 (^ ) . Thus in Eq. 6 the last of the viscous terms is 
3 z o 
negligible with respect to the first two if Rg^ OfZg). There­
fore the component  ^of the axial normal stress gradient 
is negligible compared to the gradient of the shear compo­
nent, It is also assumed that ^  << ^  so that the static 
3r 3z 
pressure can be approximated by a function of z only; i.e,, 
the pressure is uniform across the cross section of the tube. 
If the viscous terms are large with respect to the inertia 
terms in Eqs. 6 and 7 (small Re^ ), then 
i| 
'V 0 (|- ^ ) « 1 
3p o o 
3z 
provided that R^ O^CZ^ ). However if the inertia terras are 
large compared to the viscous terms (large Re^ ) so that 
the right hand sides of Eqs. 6 and 7 may be neglected, then 
% 
i f - -"  t  
3z 
g 
Therefore, for large Reynolds numbers, ^  should be a small 
o 
quantity in order to neglect the radial variation in pressure. 
With the assumptions noted, Eqs. 6 and 7 in terras of 
the original variables become 
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'H " " p If è II' 
H = » (1°) 
It can also be shown (see Appendix A) by the order-of-
magnitude analysis that the wall shearing stress, can be 
approximated by 
""w ~ ^ 1? (11) r=R 
so that separation or reattachment occurs when 
= 0 (12) 3u 3r r=R 
By making use of Eqs, 4 and 10, Eq, 9 can be rewritten 
as 
I^ Cru^ ) + (ruv) = - ^  (r§g) ] (13) 
Equation 13 can now be integrated across the tube to 
eliminate the velocity component v. Leibnitz's Rule for 
differentration under a definite integral sign can be used 
2 9 2 8 
since the functions ru , ruv, ^ (ru ) , and •^ (ruv) 
are assumed to be continuous in both r and z in 0<r£R, 
-Z <z<Z^ , and o and R (the limits of integration) are O— —' o 
continuous and have continuous derivatives in -Z^ <z<Z_. o— — o 
Making use of the boundary conditions u = v = o at r = R, and 
~ = 0 at r = Of Eq. 13 becomes 
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fjljVdr] = - 1 llfi + vRt||]^  
i|ERi + £ 
F dE 2- + F T* (14) 
where Eq. 11 has been substituted into the right hand side 
of 14. 
Equation 14 is an expression for the conservation of 
momentum. The left hand side arises from the non-linear 
convective acceleration terms in the equation of motion in 
the z - direction. In effect, Eq. 14 shows that the mean 
sectional kinetic energy gradient (due to the inertia of 
the fluid) is equal to the driving force on the fluid minus 
the drag force exerted by the wall on the fluid. 
Equation 14, together with the continuity equation 
written in the form 
where U is the mean velocity at any given cross section with 
radius R and Q is some constant volume rate of flow, are 
sufficient to describe the flow. The radius R is assumed to 
be a known function of z, and the particular geometry 
studied is the stenosis described by Eq. 1. 
An exact solution for Eqs. 1, 14, and 15 has not been 
obtained. Instead, it is assumed that the radial dependence 
of the axial velocity can be expressed by a fourth order 
polynomial of the form 
2IIrudr 
o 
(15) 
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g = A(Ç) + B(^ ) + C(^ )^  + D(^ )^  + E (16) 
where U is the centerline velocity and A through E are 
undetermined coefficients. This is similar in form to that 
assumed in the Karman-Polhausen analysis of two-dimensional 
boundary layer equations. However, it should be emphasized 
that the present problem is not a boundary layer problem in 
the sense of having a potential core of fluid outside of 
the boundary layer. 
The coefficients in Eq, 16 are evaluated from the 
following five conditions: 
a) at r = R, u = o 
b) at r = o, 1^  = o 
c) at r = o, u = U (17) 
d) at r = R, §& = u(^  + E 
e) at r = o, ^ = - ^  
9r^  R 
The boundary conditions of zero velocity (no slip) at the 
walls and axisymmetric flow are given by (a) and (b). 
Condition (c) is simply a definition, and (d) is obtained 
from Eq, 9. In order to obtain the fifth condition (e) it is 
assumed that at r = o, the velocity profile is very nearly 
r 2 parabolic at the center of the tube (u = U[1 - (^ ) ]) so that 
the second derivative of u with respect to r, at r = o, can be 
approximated by (e). Intuitively, it is felt that only near 
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the wall of the tube will the velocity profile deviate 
significantly from the parabolic form. 
In order to satisfy these five conditions the 
coefficients in Eq. 16 must be given by the relations 
A = +10 B = 3^  + 5  ^= - 3 \  - 1: 
7 
(18) 
D = E = 0 
where 
 ^ & 3# 
Thus Eq, 16 becomes 
u . (-X + 10) (R^ , + 2 + (-31,-12) (S^ ) 3 
+ (^ -^ )(^ )^  (19) 
It is noted that X is a function of z only since R, U, and p 
depend only on z. Equation 19 can be substituted into Eq. 
15 (the continuity equation) which is then integrated to give 
° = m  ^ (20) 
Also the expression for U in terms of the pressure gradient is 
" = + îW # '21) 
Finally, Eqs. 19 and 21 can be substituted into the 
momentum equation (Eq. 14) and after a considerable amount of 
straight-forward integrations and simplification of terms one 
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obtains the relation 
g,aE, 2 , ,,6 II 
y dz 
- p{c,c/Q^ )(2R-^  a#} + f ^  
20Cc+5 , ^ 
+ -t|- %: a# = ° (22) 
where 
°1 ~ 17640 2^ TsT 3^ ~ 44ÎÔ (^ 3) 
°4 = Iw 5^=1? 
and R is given by Eg. 1. 
Equation 22 is a first order non-linear ordinary 
differential equation in terms of the pressure gradient. 
Ideally, one would like to solve Eq. 22 for ^  in 
terms of z. This result could then be substituted back into 
Eqs. 21 and 19, and the velocity profile as a function of 
r and z would be obtained. One could then calculate the wall 
shearing stresses and the separation and reattachment points 
could be determined. A final integration of ^  would give 
the pressure along the stenosis as a function of z. 
However, it is not apparent how an exact solution can be 
obtained for Eq. 22. Rather than solving it numerically and 
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then proceeding as discussed above, it was decided to make 
one more approximation in the momentum equation in order 
to obtain a closed form solution to the problem. 
The non-linearities in Eq, 22 are contained in the 
bracketed terms, which arise from the integral in the 
momentum equation (Eq. 14}. If the bracketed terms are 
neglected, the flow thus described will be a "Poiseuille" 
flow through the stenosis, a situation already discussed by 
Young (3). In the present study, instead of neglecting 
the integral, it is evaluated by assuming that the velocity 
profile is parabolic 
u = 2Û [1 - (|)^ ] (24) 
where Û is the mean velocity at the given cross section. 
It is noted that the assumed profile satisfies the boundary 
conditions = o and u - o at r = R. Barnard, et 
r=0 
(34) in their study of unsteady flow through felxible tubes 
evaluated this same integral by such an approximation. This 
procedure in effect combines the concept of "successive 
approximations" with the momentum-integral technique, in the 
sense that the parabolic velocity distribution is the first 
approximation to the problem. For mild stenoses, the velo­
city profile is known to approach the parabolic distribution 
for low Reynolds numbers. Thus the validity of the assumption 
is expected to increase as the Reynolds number is decreased. 
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Substitution of Eq, 24 into the left hand side of Eq. 14 
and evaluation of the integral reduces the momentum equation 
to 
d .(2 ^ 2-2j + vafu 2 (25) dz 3 p dz 2 8 r 
Since Û = (Eq. 15) , Eq. 25 can be written as 
( 2 6 )  
R 
The derivative of the velocity (9u/3r) as obtained by Eq, 19 
can be substituted into Eq. 26 to give 
- 1 7  7  i  = - F  r  i  S  - "1 
Finally, substitution of Eq. 27 into Eq. 21, yields 
for the pressure gradient, 
# . 5432 dR . SjiQ ,28) 
1575n^  R^  HR 
The first term on the right hand side represents the contri­
bution due to the inertia of the fluid. In the converging 
portion of the tube, ^  is negative so that a favorable 
pressure gradient exists. However, in the diverging portion 
 ^is positive so that an adverse pressure gradient (^  > 0) 
may develop. In dimensionless form Eq, 28 becomes (after 
substitution for Q in terms of and R^ ) 
5 4 
d£ , 5^  !o_ s . 16_ ^  (29) 
PÔ 2 1575 r5 dz 4^ 
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where _ 
2R.U[ 
Re^  = (30) 
is the Reynolds number upstream from the stenosis. Thus, 
in order for 0, i.e., an adverse pressure gradient to 
develop, the following condition must hold: 
5432 ^  ^ 16_ 
1575 R dz - Re^  
or 
i > I# 
1 dR When R is defined by Eq, 1, — ^ will have its maximum value 
somewhere near the middle of the diverging section, and 
there will be some minimal value of Re_ in order for Eq. 31 
o 
to hold. As Re^  is increased above this minimum value, 
1 Hp 
— •3— can be decreased and Eq. 31 will still hold. Thus R az 
the region of adverse pressure gradient will extend both 
upstream and downstream in the diverging portion of the 
tube as the Reynolds number is increased. 
Equations 21 and 28 can be substituted into Eq. 19 
to give the velocity u as a function of r and z. 
§ -  =  f # 5 ' ^ )  +  
o 
R^  , J l  
+ 2 (^ —) [1 " -^ ] (32) 
The velocity profiles along the stenosis may now be plotted, 
as shown in the next chapter. 
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Substitution of Eq, 32 into Eq, 11 for the wall shearing 
stress gives 
"^ w = it " (33) 
In dimensionless form Eq. 33 becomes 
T R 4 R 3 \ _ 616 "o dR 8 o 
-^ Ï575 jr dJ - Ri; ^3-
o 
The separation and reattachment points occur where =0; 
R 
i.e. where the wall shearing stress is zero. Therefore the 
separation-reattachment condition is 
616  ^dR ^  
1575 R dz R(B^  
or 
For the case of incipient separation, i.e., the Reynolds 
number is just large enough to cause separation, it is 
desirable to know where in the diverging portion separation 
1 dR 
will begin. To determine this point ^  ^ is maximized with 
respect to z. Thus 
i> = - 0 "6, 
Use is now made of the expression for R (Eq. 1) and the location 
of the initial separation point is given by the relation 
1 2R„ 
- jj- arcsec (—g— ~1) (37) 
For R^  = 36 (the geometry studied experimentally) 
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#- = 0.435 (38) 
o 
It is noted from Eq, 37 that for the geometry described 
by Eq, 1 the initial separation point §— is only a function 
R_ o^ 
of y- and does not depend on However, in general the 
separation and reattachment points will depend upon both 
R Z 
the ratios of -g— and -g— as can be easily seen by substituting 
Eq. 1 into Eq, 35, 
Once the incipient separation point is evaluated by 
Eq, 38, the critical Reynolds number required to produce 
separation can be evaluated from Eq, 35. For the geometry 
Z^  = 4R^  = 126, the critical Reynolds number is 127,5, 
As the Reynolds number increases above the critical 
value to cause separation, Eq, 35 is satisfied by two values 
of z; the smaller value of z gives the separation point 
and the larger value gives the reattachment point. As the 
Reynolds number increases, the separation point moves up­
stream and the reattachment point moves downstream. However, 
based on the present theory, the entire separation region 
will always be contained in the diverging portion, for 
dR 
~+ 0 as z + 0 or as z + Z . As the Reynolds number becomes dz o 
large, one expects the reattachment point to move downstream 
from the stenosis. Therefore the theory definitely cannot 
hold for any values of Reynolds numbers which experimentally 
are great enough to cause the reattachment point to be beyond 
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Z^ . Actually it is expected that the theoretical solution 
will become inaccurate before this condition is reached. 
In comparing Eqs, 31 and 35, it is noted that the 
pressure gradient becomes positive before separation occurs. 
1 dR For a given Re^  and R^ , the required value of ^  ^ for 
separation is approximately four times greater than its 
value for an adverse pressure gradient to be developed. 
Thus the existence of a positive pressure gradient does not 
necessarily imply that separation will occur. Before separa­
tion can occur, the adverse pressure gradient must grow to 
such a size that it can overcome both the inertia and 
viscous effects of the fluid near the wall. 
Ideally, under steady flow conditions, there is no flow 
of fluid into or out of the separation region. Thus an 
equation for the stream surface enclosing the separation 
region may be obtained from the equation 
Q = I 2IIrudr (39) 
•C 
where R^  ^is the radial distance from the centerline of the 
tube to the stream surface. When the expression for u 
(Eq. 32) is substituted into Eq. 39, the equation to be 
solved for R^  ^ becomes 
• 
39 
or, after factoring 
» = 'r #^'5(r)' * 2(^ )2] 
R 
- (^  + 1)2} (40) 
Rl 
The two roots at ^  = 1 are of no interest, so that the final 
form of the equation to be solved for becomes 
" = HIs  ^ + 4(^ )3 + 2(^ )2I-(^  + (41) 
The above expression will be used in Chapter V to draw the 
streamlines enclosing the separation regions in Pig. 10. 
To obtain the pressure p at any cross section z along 
the stenosis, Eq. 28 must be integrated, using the boundary 
condition that p = p^  at z = -Z^ . Upon performing the inte­
gration (see Appendix B) one obtains in dimensionless form 
^ I . . . L..,,. 
- P ^ ôè- {— arctan — + 3(l-c) [ + -i—arctan—] 
 ^ o^ ^ ®o /B /5 2c(c+x2) 2c/E /H 
+ + 3x + -1— arctan —] 
(c+x ) 2c(c+x ) 2c/c /c 
+ 2 —2^ *^ 2 — arctan —] 
(c+x^ )^  4c(c+x ) 8c (c+x ) 8cVc /c 
+ (42) 
/c 2c/c  8c /c  16c /c  
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where _ 
2U R 
R®0 ^ * = tan 3^  C=l-|- (43) 
o o 
The first bracketed term on the right hand side of Eq. 42 
denotes the pressure drop due to the changing kinetic energy 
of the fluid as it flows through the converging-diverging 
section. At the downstream end of the stenosis (z=z^ ) this 
first term becomes zero. 
The remaining terms in Eq, 42 arise from the viscous 
effects of the fluid and do contribute to the over-all 
pressure drop across the stenosis. Letting z approach 
in Eq. 42 gives this pressure drop as 
= - i- ,44) 
PUQ T ^®o % /c 2c/c Bc/c 16cVc 
where the subscript T denotes the total pressure drop across 
the stenosis and Rbq and c are defined by Eq. 43. If there 
is no constriction in the tube, then c = 1 and Eq. 44 reduces 
to the expression obtained far Poiseuille flow, where is 
one half of the length over which the pressure drop is com­
puted. 
To conclude this chapter, a comparison will be made 
betwaén the results obtained herein and those obtained by 
Blasius (Sec. A2 of Chapter II) for flow in a slightly 
diverging tube. Caution should be used in applying Blasius' 
d^ R 
results to the present investigation since —s- is not 
dz'^  
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necessarily an order-of-magnitude smaller than ^  (it would 
Z 
be near the point z = y-). However, comparisons can be made 
between the expressions for the pressure gradient in the 
axial direction, the velocity profile, and for the separation-
•reattachment condition. Blasius' equation for the pressure 
gradient is identical in form with Equation 28 of the present 
analysis. In fact, the only difference between the two 
equations is that the constant 4 in the inertia term of 
Blasius* expression is replaced by in Eq. 28. Blasius* 
expression for the axial velocity is of the same form as 
Eq. 32, in that both expressions consist of a parabolic term 
plus a "corrective" term which is a polynomial in r/R. The 
difference between the two expressions is in the polynomial, 
Blasius uses the same condition for separation as used in 
this investigation. However, if one thinks of applying his 
relation to the converging-diverging tube problem, then 
Blasius' condition for separation and reattachment is 
where Re^  is the Reynolds number based on upstream conditions 
(at R = RQ), This is the exact form of relationship that 
is obtained in the present investigation (Eq. 34), but the 
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constant 12 is considerably smaller than — obtained in 
R 
Chapter III. Thus for a given ^  ^ the Blasius* solution 
would predict separation at a Reynolds number approximately 
42 
0.6 of the Reynolds number required to cause separation in 
the present analysis. 
43 
IV. EXPERIMENTAL PROCEDURE 
A, Description of Apparatus 
The separation phenomenon and the pressure drop across a 
stenosis were studied for water, various glycerol-water solu­
tions, and blood in a 17.7-inch long, rigid, plastic tube 
having a uniform diameter of 0.750-inch in the straight por­
tion (see Pigs. 3 and 4). Figure 3 is a photograph of the 
entire plastic tube, including its end connections. Figure 
4 shows the tube with bovine blood flowing through it. 
The converging-diverging section of the tube was 3.00 
inches long (Z^  = 1.50 in.) and the minimum diameter (the 
throat diameter) was 0.500 inch. The stenosis was constructed 
to satisfy the geometry studied theoretically (Eq. 1) so that 
in terms of the geometry shown in Fig. 2, = 4R^  = 126 for 
the experimental test section. The method used to make the 
tube will be described at the end of this section. 
A series of 0.026-inch diameter holes were drilled along 
the tube so that dye or suspensions of small particles could 
be injected at various stations in order to study the separa­
tion phenomena and to measure the pressure drops along the 
wall. The holes were counterdrilled for number 19-gauge 
hypodermic needles. The needles were glued into the tube and 
connected to stopcocks by short pieces of latex rubber tubing. 
The flexible tubing prevented the glued joints from being 
broken when connections were made to the stopcocks. 
Figure 3. Plastic converging-diverging tube 
Figure 4. Bovine blood flowing through tube 
Figure 5. Test apparatus 
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A photograph of the entire test apparatus is shown in 
Fig. 5. The upstream and downstream partions of the plastic 
test section were connected to 0.750-inch brass tubing having 
lengths of 24 and 14.75 inches respectively. The ends of 
the plastic test section were bored to receive the brass 
tubing so that a smooth transition from the brass to the 
plastic tubing was obtained (Fig. 3). Thus, an "entrance 
length" of straight 0.75-inch diameter tubing 30.4 inches 
long preceded the converging-diverging section. According 
to Goldstein (20, p. 301) this length is sufficient so that a 
fully developed laminar flow is obtained before reaching 
the stenosis for Reynolds numbers up to approximately 1400. 
As shown in Fig. 5, the upstream portion of the brass 
tubing was connected to a constant-head tank by 0.875 inch 
diameter tygon tubing. The liquid flowed from the downstream 
portion of the brass tubing back to a reservoir by means of 
0.375-inch tubing. The liquid was pumped from the reservoir 
up to the constant-head tank at a rate sufficient to always 
provide some overflow back to the reservoir, so that a 
constant head supply was maintained. The amount of fluid 
flowing through the converging-diverging tube was controlled 
by means of an adjustable clamp on the tygon tubing leading 
to the reservoir. The flow rate was determined by measuring 
the time required to collect a given volume of fluid. 
Two types of variable speed pumps were used in the 
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experiments. A Sigmamotar "finger" pump which was manufac­
tured to pump blood through a Travenol artificial kidney was 
used in the experiments using water and glycerol-water solu­
tions. This pump is shown in the photograph of Fig. 5, and 
had a maximum output of approximately 0.85 liters per minute. 
Therefore, maximum Reynolds numbers of approximately 1100 
could be obtained when using water in the system. However, 
when blood, having a kinematic "viscosity" approximately 
six times that of the water, was put into the system the 
maximum Reynolds number was reduced by a factor of six. 
Therefore, a Sarns Model 3500 portable roller pump was used 
in the experiments involving blood as it provided flows up 
to 4.8 liters per minute. Therefore, pressure drops and 
separation phenomena could be studied over the same range 
of Reynolds numbers as used with the water. Both pumps 
were selected in preference to other types of pumps available 
because they produce a minimal amount of hemolysis of blood 
during the pumping process. However, the "finger" pump was 
not used in the tests involving blood. 
The transparent plastic tube, which contained a con­
verging-diverging section as discussed in the first part of 
this chapter, was cast around a smooth brass rod using Natcol^  
N^atcol Plastics, Redlands, California, 
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NL-410 clear polyester casting resin. The 0.750-inch diameter 
solid brass rod was first cut into two pieces with a threaded 
connection between the two sections. The converging-diverging 
geometry was then machined, with the minimum diameter at 
the junction between the two pieces of rod. Although the 
rod was very carefully machined, the geometry obtained did 
not coincide precisely with that described by Eg. 1 of 
Chapter III: 
R = R - ^  (1 + cos O A  ZQ 
In what was later used as the converging portion of the tube, 
the actual radius at any given cross section was within 5% 
of that specified by Eg. 1. In the diverging section the 
radius was within 3% of the desired value. 
Before making the casting, the polished brass rod was 
first coated with a very thin layer of silicone grease. 
Removal of the rod from the hardened plastic was facilitated 
by heating in an oven at approximately 75® C. The casting, 
which was made with a square cross section as seen in Figs. 
3 and 4, was milled and then polished on the outside to 
improve its optical properties. The 0.026-inch diameter 
holes were carefully drilled so that no burr would be left 
on the inside of the tube. The holes were spaced at 0.25-
inch intervals along the stenosis (0.50-inch intervals on 
each side). As a final precaution to prevent any small burrs 
from remaining, the inside of the tube was polished. 
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B. Acquisition of Data 
The flow characteristics studied experimentally were 
the separation and reattachment points and the pressure drop 
across the stenosis. The major portion of the experimental 
work was carried out with distilled water or various con­
centrations of glycerol-water solutions, although human 
blood and bovine blood were also used after the procedures 
for obtaining the data were established. 
The temperature, specific gravity, and kinematic viscosity 
of the fluid were measured and recorded at various times 
throughout each experimental run. All experiments were 
performed at room temperatures, which ranged from 22® to 27® C 
over the entire period for the test program. The temperature 
of the fluid did not vary more than 1.0® C during any given 
test, and when a temperature variation did occur, the change in 
the viscosity of the fluid was taken into account. 
1. Viscosity measurements 
The kinematic viscosity of the glycerol-water solutions 
and the apparent kinematic viscosity of the blood were deter­
mined by means of two Cannon-Fenske Viscometers (No. 50 and 
No. 100). In this method of viscosity measurement the time 
is recorded for a given volume of fluid to flow through a 
capillary tube. Relative values of kinematic viscosity are 
obtained by comparing liquids having an unknown viscosity 
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with a standard having a known viscosity. Distilled water 
was the standard liquid used in these experiments. 
Blood is not a Newtonian fluid. However, as mentioned 
in Chapter I, many researchers feel that blood behaves as a 
Newtonian fluid except at very low rates of shear. Merrill 
(13) states that the stress range of most capillary visco­
meters falls in the region of Newtonian behavior of blood 
(above shearing strain rates of 100 per sec.). 
Using the Cannon-Fenske viscometer, the kinematic 
viscosity of citrated whole human blood (type 0 positive) 
at 24® C was 0.0550 stokes. The blood was a combination of 
4 pints of type 0 positive and one pint of type 0 negative 
and had a specific gravity of 1.046. It was approximately 
three months old and had a hematocrit of 32. Since normal 
human blood has approximately 35-45% by volume red blood 
cells, deterioration of the red blood cells had occurred. 
This was further evidenced by the brightly colored red plasma 
which was observed when the blood was centrifuged, indicating 
that plasma hemoglobin was abnormally high. The absolute 
viscosity of the human blood was 0.0575 poise at 24® C. 
Merrill (13) states that the normal value is between 0.03 
and 0.04 poise for human blood at 37® C. 
Fresh bovine blood was also used in the experiments. Six 
liters of the blood were obtained, to which 150 mg. of sodium 
heparin was added to prevent clotting. The blood had a 
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specific gravity of 1.054, a hematocrit of 43%, and an ultimate 
kinematic viscosity of 0.0573 stokes at 24® C. Thus its 
absolute viscosity was 0.0604 poise. In order to prevent 
clotting in the wall taps, another 150 mg. of heparin was 
added when the pressure drops were measured. The viscosity 
was then checked again and did not differ from its previous 
value. 
2. Separation and reattachment measurements 
The primary purpose of the experimental investigation of 
flow through a converging-diverging tube was to determine 
at what minimum Reynolds number separation occurred in the 
diverging portion of the tube, and to observe where the 
region started and ended at larger Reynolds numbers. A 
Nikon Stereoscopic Microscope (Model SMZ-2) was used to 
observe the flow near the wall when it was advantageous to 
do so. 
Several different methods of observing the backflow of 
fluid near the wall of the tube were employed when using 
either distilled water or glycerol-water solutions in the 
system. These methods will be discussed and illustrated in 
the remainder of this section, starting with the procedure 
which was used to obtain all the data shown on the experimental 
curves in Fig. 12 of the next chapter. In Fig, 12 the separa­
tion and reattachment points are plotted verses the Reynolds 
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number of the flow for the converging-diverging tube studied 
experimentally (Z^  = 4R^  = 126). It is believed that the 
following procedure which was used to obtain these separa­
tion and reattachment points involved the least amount of 
personal judgement of the different methods tried. This 
procedure was also applicable in defining the separation 
region when using blood in the system. Since the results 
for blood and the Newtonian fluids were to be compared, it 
was desirable to use the same method for all fluids studied. 
Dye was injected very slowly in the separation region 
through the wall taps at various positions downstream from 
the throat of the stenosis. The separation point was defined 
as the point nearest the throat where a reversed flow along 
the inside wall of the tube occurred. The point furthest 
downstream from the throat where backflow occurred was 
defined as the reattachment point. The dye was injected 
at a rate just sufficient to produce a thin filament along 
the wall of the tube, so that the direction of flow could be 
observed. Usually the data was taken with the wall taps 
lying in a horizontal plane as shown in Figs. 3,4, and 5, but 
the plastic tube could be rotated to any angle desired with 
no apparent change in the flow characteristics. 
The dyes used were made by mixing aniline blue (dark 
blue) or potassium permangamate (dark red) with water, or 
saline depending on whether water, or blood was flowing 
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through the converging-diverging tube. Both anilene blue 
and potassium permanganate are readily dissolvable in water 
or saline, and thus very concentrated dye solutions could be 
obtained. 
The method just presented of obtaining data for the 
separation and reattachment points will be discussed further 
in Chapter V, when the experimental results are discussed. 
The method is illustrated in Fig. 6. In Fig. 6 the wall taps 
lie in a horizontal plane, and the view is from an approxi­
mately 30 degree angle with this plane. Bovine blood is 
flowing through the tube from right to left at a Reynolds 
number of 850, based on upstream conditions. Dark blue dye 
is being injected from a tap 2.5 inches downstream (arrow A) 
from the throat (arrow B) of the constriction. The dye has 
moved along the boundary back to a position approximately 
0.55 inches from the throat (arrow C). Thus the separation 
point is at z/Z^  = 0.367. The movement upward of the slowing 
moving dye stream as it approaches the separation point is 
due to the fact that the specific gravity of the dye solution 
is 1.006 while that of the blood is 1.046. 
Figure 7 is a photograph of the test section with water 
flowing through the system at a Reynolds number of 600. The 
flow is from left to right, and the dark region near the 
lower wall in the diverging portion is the separation region. 
The dark lines near the upper walls were produced by shadows. 
Figure 6. Separation at a Reynolds number of 850 
Figure 7. Separation at a Reynolds number of 600 
Figure 8, Separation at a Reynolds number of 900 
Figure 9. Separation at a Reynolds number of 1200 
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In this particular case red dye is being injected through 
a downstream tap 1.5 inches (arrow A) from the throat. The 
dye has moved upstream to a point approximately 0.65 inches 
from the throat (the separation point, arrow B) and then has 
been carried by the forward moving fluid in the separation 
region to a point approximately 2,2 inches from the throat 
(the reattachment point, arrow C), This method of injecting 
dye near the center of the separation region has the 
advantage that the flow near the end points of the separa­
tion region is not disturbed by the injected dye. However, 
it is difficult to define a reattachment point as some of the 
dye moves out of the separation zone and flows on downstream. 
In Some cases blue dye was injected from a tap one inch 
upstream from the throat (arrow D in Fig. 7). The blue 
filament of dye proceeded downstream along the streamline 
which enclosed the separation region, and thus helped to 
establish the reattachment point. The thickness of the 
separation region can be estimated from Fig. 7, but it must 
be remembered that there is a blue stream of dye running 
along the top of the region. 
The photograph in Fig. 8 shows dye being injected on 
both sides of the tube in the converging portion (arrows A). 
Both streams of dye separate from the wall (arrows B) 
approximately 0.55 inches from the throat and reattach to 
the wall between 3.0 and 3.5 inches from the throat (arrows C). 
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The stereomioroscope was used when taking data in this manner 
to help determine where the streamline of dye left the wall 
and where it again made contact with the wall. The Reynolds 
number of the flow shown in Fig. 8 is approximately 900, 
which is near the upper limit which will still give a well 
defined laminar separation region, A few data points for 
separation and reattachment obtained in this manner are 
plotted in Fig. 13 of Chapter V in order to compare the 
results with those obtained by injecting inside the separa­
tion region. These results will be discussed in the next 
chapter. 
Figure 9 shows the flow of water (left to right) through 
the converging-diverging tube at a Reynolds number suffi­
ciently high (1200) to produce turbulence in the separation 
region. As in Fig, 8, dye was injected on both sides in the 
converging portion. At a Reynolds number of approximately 
1200, the stream of dye begins to become somewhat wavy near 
the position z/Z^  = 1,3 as seen in Fig. 9 (arrows A), As 
the Reynolds number is further increased to approximately 
1800, the turbulent separation region extends both upstream 
to the separation point and downstream. The dye very 
rapidly circulates around the entire tube, but is still con­
centrated near the walls of the tube, rather than being evenly 
distributed across the total cross section. 
Figures 8 and 9 indicate that the separation region was 
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reasonably axisymmetric. This indeed was the case for the 
range of Reynolds numbers studied. 
Another method used to define the separation region 
was to inject very rapidly a large quantity of dye into the 
diverging portion of the tube and to observe after a period 
of time the region which still contained dye. This method 
showed very clearly the axial symmetry of the separation 
region, A difficulty with the above procedure is that the 
fluid near the wall of the tube is moving very slowly, 
especially near the separation and reattachment points. 
Therefore, a sufficient amount of time must be allowed in 
order for the dyed fluid outside of the separation region 
to move on downstream. However, during this same time dye 
is diffusing out of the separation region. Thus the end points 
are difficult to define, especially the reattachment point. 
Since the separation region is extremely thin near the 
separation and reattachment points, it was felt that the 
data obtained by injecting the dye into the separation region 
was somewhat conservative in the sense that separation may 
have occurred slightly upstream from the point where the dye 
could be seen to have "backflow". Reattachment was deter­
mined by noting how far downstream dye could be injected 
and still obtain backflow, but the injection of the dye at 
a non-zero velocity caused at least a small disturbance of 
the flow near the wall. Also, the film of dye had to have 
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some finite thickness before it could be seen. Therefore, 
a brief investigation was made in which suspensions of small 
particles were injected into the separation region, the con­
verging portion of the tube, or added to the entire fluid 
(water or glycerol-water solutions). The paths of these 
particles in the plastic tube were followed, using the 
stereomioroscope for observing the smaller particles. 
Various types and sizes of particles were added to 
different concentrations of glycerol-water solutions, in 
an attempt to keep the small particles in suspension. Sus­
pensions of the particles were then injected into the con­
verging-diverging tube, which contained a glycerol-water 
solution of the same concentration as that used for suspending 
the particles. A basic difficulty was to obtain a particle of 
sufficiently small size to stay in suspension and not dis­
rupt the flow near the walls of the tube, and at the same 
time, to be able to follow the paths of individual particles 
with the aid of the stereomioroscope. 
Three different types of particles whose movement could 
be traced through the plastic tube were Herter's Lamiset^  
2 (a white powered catalyst), Amberlite IRA-93 synthetic ion 
H^erter's, Inc., Waseca, Minn. 
2 Rohm and Haas Company, Philadelphia, Pennsylvania, 19105. 
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exchange resin, and Mearlin-A Pearl^  (a nacreous pigment) 
consisting of mica flakes coated with titanium dioxide). 
Backflow of the powdered catalyst, when suspended in water, 
and the resin, when suspended in a glycerol-water solution, 
was observed at Reynolds numbers between 500 and 1000. 
However, the end points of the backflow regions generally 
fell inside the separation region defined by dye injection, 
and consistent data points were not obtained for given Reynolds 
numbers. Backflow of Mearlin-A particles suspended in a 
glycerol-water solution (25% glycerol by volume) was observed 
at Reynolds numbers as low as 330. The longest dimension 
of the Mearlin-A particles was from 2 to 20 microns, so it 
was difficult to distinguish between individual particles. 
Nevertheless, some backward movement was observed in the 
range of z/Z^  = 0.53 to 1.16 at a Reynolds number of 330, 
This pair of values for separation and reattachment and two 
other pairs obtained at higher Reynolds numbers are within 
15% of those values obtained for water by injecting dye in 
the separation region. Thus for the particles studied, the 
Mearlin-A gave the most consistent results, which also 
happened to agree most closely with the results already ob­
tained by injecting the dye. 
Since no new information was obtained in the preliminary 
h^e Mearl Corporation, 41 East 42nd Street, New York 
17, N.y, 
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investigations using different particles, it was decided not 
to pursue this method further. To do so would require improved 
visualization techniques, smaller particles, and more refined 
methods of keeping the particles in suspension. 
3. Pressure drop measurements 
The pressure drop was measured by attaching two pieces 
of 0.375-inch diameter tygon tubing to two wall taps (each 
6.0 inches from the throat) and recording the heights of 
the two columns of fluid with a traveling microscope having a 
least count of 0.0001 inch. Data were obtained for pressure 
drops when both water and heparinized bovine blood were used as 
the fluids. Pressure drops were extremely small when water was 
flowing through the system (0.003 and 0.013-inches of water 
for Reynolds numbers of 500 and 1000, respectively); thus 
it was necessary to eliminate as much as possible the effects 
of surface tension on the height of the water columns. This 
was accomplished by using the 0.375-inch tygon tubing for 
the two piezometer tubes, as evidenced by a very small 
meniscus in each tube. Values of pressure drops were recorded 
at various Reynolds numbers up to 1030 for the distilled water 
(see Fig. 17 in the next chapter). Approximately 25 minutes 
was spent at each data point in order to allow the water 
in each piezometer tube to reach its equilibrium position. 
Two runs were made, and the values obtained for pressure 
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drops were within 0.0025 inches of water at corresponding 
Reynolds numbers. 
Pressure drops were also measured when bovine blood 
was flowing through the system. Because the kinematic vis­
cosity of the blood was approximately six times that of the 
water, pressure drops at a given Reynolds number were 
approximately 36 times those obtained when using water (see 
Eq. 44, Chapter III). Approximately 3 to 5 minutes was 
allowed far the blood in the piezometer tubes to reach its 
equilibrium level for a given flow rate through the tube. 
Before changing to a new flow rate, the blood in the piezo­
meter tubes was oscillated in order to "wash out" the small 
openings in the wall taps. It appeared that clotting in 
the wall taps was prevented by this procedure. The difference 
in heights between the two columns of fluid in the piezometer 
tubes was measured with a scale marked in 0.02-inch 
increments. The pressure drops were estimated to 0.01-inch 
increments. 
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V. THEORETICAL AND EXPERIMENTAL RESULTS 
AND THEIR IMPLICATIONS 
A. Velocity Profile 
Some theoretical velocity profiles, as predicted from 
Eg. 32, are plotted to scale in Fig. 10 for the tube geometry 
= 4R^  = 125 (the geometry of the experimental tube). 
Profiles for Reynolds numbers of 100, 150, and 200 are plotted 
at the axial positions z/Z^  = -1, -0.435, 0, 0.435, and 1. 
As shown in Chapter III (Eq. 38) the axial position z/Z^  
= 0.435 is the incipient separation point for the given geom­
etry, and it was found to occur at a critical Reynolds number 
of 127.5. 
Examination of Eg. 32 reveals that the velocity profiles 
are composed of a parabolic term plus a term which is multi­
plied by the slope of the wall. Thus for all Reynolds numbers, 
the profiles will have a parabolic form at z/Z^  = -1, 0, and 
1. This form seems reasonable if the wall slope is small, as 
originally assumed. The profiles at the positions z/Z^  
= -0.435 and 0.435 are of more interest, so that the following 
discussion will be limited to these two profiles. 
Figure 10a shows the velocity profiles at a Reynolds 
number of 100. In the converging section the profile has 
flattened near the center of the tube, while in the diverging 
section it is nearly parabolic except in the immediate 
a) Re^  = 100 
150 b) Re 
4R = 126 
o 
I 
! 
vicinity of the wall. Both of these results seem plausible 
since the Reynolds number is large enough so that inertia 
effects cannot be neglected, although still small enough so 
that separation of the streamlines along the wall does not 
occur. At a smaller Reynolds number (say 50) both profiles 
would be more parabolic in form, since the non-parabolic 
term of Eq. 32 is multiplied by the Reynolds number. 
At a Reynolds number of 150 (Fig. 10b) and 200 (Fig. 10c) 
separation exists in the diverging section. The dotted lines 
represent the streamlines (or actually the stream surfaces) 
bounding the separation regions. The locations of these 
streamlines are determined from Eq. 41. In Fig, 10b they ex­
tend from the axial position z/Z^  = 0.272 (the separation 
point) to z/Zg = 0.619 (the reattachment point). In Fig, 10c 
the separation and reattachment points are at z/Z^  = 0,182 
and 0,735, respectively. There is circulation of the fluid 
within the separation region, and Fig. 10c indicates that the 
thickness of the layer of fluid moving in the downstream 
direction within the separation region is relatively thin 
with respect to the layer moving upstream. 
Although no attempt was made to determine the velocity 
profiles in the experimental tube, the profiles shown in 
the diverging section of the tube (Figs. 10b and 10c) seem 
quite reasonable. However, the profiles shown in the con­
verging portion at the corresponding section do not have the 
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farm which was expected; that is, it was expected that the 
higher the Reynolds number became the "flatter" the profile 
would become. Instead, the theory predicts that for Reynolds 
numbers greater than the critical Reynolds number required 
for separation, the maximum axial velocity moves away from 
the center of the tube. This occurs for axial positions 
near z/Z^  = -0.4 for = 4R^  = 126. At Reynolds numbers of 
150 and 200, respectively, the ratios of the maximum velocity 
to the centerline velocity are 1.12 and 1.53. This ratio 
increases further as the Reynolds number is increased. 
Actually, even at the critical Reynolds number, of 127.5, there 
is a very slight "dip" in the velocity profile near the 
center of the tube. However, the centerline velocity is 
within 2% of the maximum velocity. 
To the author's knowledge this form of velocity profile 
has not been either predicted or observed for steady flow in 
converging geometries. Therefore it is unlikely that such a 
profile actually exists. 
An investigation was made to determine if the dip in 
the velocity profile occurred near the critical Reynolds (Re^ )^ 
number for some other geometries. For = 4R^  = 406, Re^  ^
is 494, and the maximum velocity just begins to move away from 
the centerline at Re^  = 490 (at z/Z^  = -0.5). For Z^  = 4R^  = 86, 
Re^ g is 73.6. At Re^  = 70 the dip is just about to appear 
at the axial position z/Z^  = -0.4. Thus, with respect to the 
67 
prediction of the velocity profiles in the converging section 
of the tube, it appears that the theory is limited to Reynolds 
numbers up to the critical value to cause separation. 
It is not apparent to the author just why the maximum 
velocity moves away from the centerline of the tube for large 
Reynolds numbers. However, the last of the conditions listed 
in Eq. 17 which was used to evaluate the coefficients of 
the assumed form of the velocity profile (Eq. 16), may 
provide a partial explanation. In order to obtain the fifth 
condition given in Eq. 17, use was made of the relation 
A )  = - 4  
3r^  r=0 R 
The assumption was made that at the center of the tube the 
velocity profile was nearly parabolic; that is 
_2 
u = U[1 - ^ ] 
R"^  
But in the converging section, the inertial effects are ex­
pected to "flatten out" the parabolic profile, so that 
.2. 
(•2~) is expected to become smaller as the Reynolds number is 
ar r=0 
increased. If this is to happen, the centerline velocity U 
must be decreased, maybe to such a value that the velocity must 
increase away from the centerline in order to satisfy the 
conservation of mass relationship. 
Perhaps a better expression for Eq. 17e would be 
.3^ u. _ 4Û 
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since U = 2U for parabolic flow. Then the profile near the 
center would be forced to be parabolic and have derivatives 
equal to those obtained for a parabolic profile at the same 
flow rate. However, away from the centerline the profile is 
expected to become flat and not have as large a dip in it 
as calculated by the present analysis. 
The velocity profile along the tube determines the values 
of the wall shearing stress and the separation and reattach­
ment points, A discussion of the implications of these flow 
characteristics to occlusive vascular disease is given in 
Sec, E of this chapter. 
B, Wall Shearing Stress 
The dimensionless form of the wall shearing stress is 
given by Eq. 34 of Chapter III, and is plotted against the 
axial position along the stenosis in Fig. 11 for the tube 
geometry = 4R^  = 125. One immediately observes from 
Fig. 11 that the shear stress reverses direction (becomes 
positive) between the points z/Z^  = 0.185 and 0.735 and 
z/ZQ = 0.085 and 0.875 for Reynolds numbers of 200 and 400 
respectively. These positions represent the separation and 
reattachment points. Separation does not occur at a Reynolds 
number of 100; so that along the entire length of the 
constriction the fluid near the wall is moving in the same 
direction as the overall flow. It must be remembered that 
Re 400 
200  Re 
126 4R 
-0.1 100 Re 
- 0 . 2  
— 0 . 4 
1.00 0.25 0.75 -1.00 -0.75 -0.25 0 0.50 -0.50 
Figure 11. Variation of wall shearing stress along the stenosis 
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the curves are drawn from an approximate solution to a set of 
approximate equations, and, as demonstrated in the previous 
section, it is hazardous to predict quantitative results for 
Reynolds numbers above the critical value to cause the initial 
separation (127.5 for the case being studied). However, it 
is felt that qualitative results may be obtained from the 
curves, and they are of interest for this reason. 
The last term in the equation for the wall shearing 
stress (Eq, 34) represents the shearing stress due to a 
parabolic velocity profile. Thus at the two end points of 
the stenosis z/Z^  = -1 and 1, the shearing stress has the 
same value it would have if the tube had no constriction in 
it. Therefore, for each of the three curves plotted in 
Fig. 11, a comparison can be made between the wall shearing 
stress which exists anywhere along the stenosis with that 
value (at either end point) which would exist if the walls 
of the tube were straight and parallel. From Fig. 11 it 
is seen that the point of maximum shear stress occurs in 
the converging portion of the tube, and moves upstream from 
the throat as the Reynolds number is increased. The results 
predict that the maximum wall shearing stress is 4.5, 6.2, and 
9.6 times that value which would exist if there were no 
constriction, for Reynolds numbers of 100, 200, and 400, 
respectively. 
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C. Separation and Reattachment 
Far any given tube geometry which satisfies Eq. 1 of 
Chapter III, the critical Reynolds number required to initiate 
separation can be calculated by substituting Eq. 37 into Eq. 
35. For Reynolds numbers greater than this critical value, 
two values of z/Z^  will satisfy Eq. 35, which correspond to 
the separation and reattachment points. The theoretical 
separation-reattachment curve is plotted in Fig. 12 for the 
tube geometry = 4R^  = 126. Also plotted are the ex­
perimental curves obtained when using distilled water, fresh, 
heparinized, whole bovine blood, and citrated whole human 
blood which was approximately three months old. 
The method used to obtain the data to plot the experi­
mental curves was to inject dye into the separation region, 
as discussed in Chapter IV, Sec. B2. The separation point was 
determined to be the point furthest upstream to which the dye 
moved. The reattachment points for both samples of blood 
were determined by injecting dye through taps progressively 
further from the throat of the constriction, until backflow 
of the dye along the tube wall did not occur. The position of 
the reattachment point was estimated between the last tap 
where backflow occurred and the tap immediately downstream 
from it, with the estimated value depending on the relative 
velocities of the dye streams leaving the two taps and moving 
l o n o  
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Figure 12. Separation and reattachment for 7,^ = = 126 
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along the tube wall in opposite directions. When using water 
in the system, the flow rate was varied until the dye emerging 
from a wall tap did not flow either upstream or downstream, 
or, in some cases, it moved in both directions very slowly. 
As indicated previously the citrated whole human blood 
(type 0) had a kinematic viscosity of 5.50 centistokes at 
24® C, a specific gravity of 1,046, and a hematocrit of 34%, 
These values did not change while data were being collected. 
Only five pints of the blood were available. Approximately 
eight pints of fluid were needed to completely fill the 
system and provide an overflow from the constant-head tank 
to the reservoir. Nevertheless, a nearly steady flow of the 
blood was maintained for flow rates up to 3,1 liters per 
minute (Re^  = 630) even though the constant-head tank was 
only partially filled. Higher flow rates were not used as 
the increased flow rate into the constant-head tank from 
the Sarns roller pump caused sloshing of the fluid in the 
partially filled tank. Thus a constant head could not be 
maintained, and, even more important, there was an excessive 
amount of foaming of the blood in the tank. 
The bovine blood which was run through the system had a 
kinematic viscosity of 5.73 centistokes at 24' C., a specific 
gravity of 1.054, and a hematocrit of 43%. These values did 
not change during the course of the experiment. Sodium heparin 
(150 mg.) was added to approximately 6 liters of the blood at 
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the time of collection. The total volume of blood came from 
one animal, and it was used in the experiments on the same 
day as it was collected. 
A sufficient quantity of bovine blood was available to 
completely fill the system, so that an overflow from the 
constant-head tank back to the reservoir could be maintained. 
Two stainless steel sponges, which had been treated with 
Antifoam A^  to retard the formation of foam, were placed 
in the constant-head tank. However, some foaming of the blood 
did occur at the higher flow rates. The small bubbles tended 
to collect at the top of the separation region in the plastic 
tube, as seen in Fig, 6 of Chapter IV. Most of the bubbles 
could be moved on downstream by periodically elevating the 
downstream portion of the tube. However, the presence of a 
very thin layer of ^ oam at the top of the tube did not 
appear to affect the results obtained for the separation 
and reattachment points. 
The experimental curves for water, bovine blood, and 
human blood in Fig. 12 agree very well except for the re­
attachment points for the bovine blood at Reynolds numbers 
greater than 450, If the human blood had been fresh, it is 
possible that it would have behaved somewhat differently. 
The critical Reynolds number to produce incipient separation 
D^ow Corning Corp., Midland, Michigan. 
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lies in the range of 200 to 250 for the three fluids studied, 
as compared to the predicted value of 127.5. Also, the axial 
position at which separation occurred was approximately at 
z/ZQ = 0.85 as compared to the predicted value of 0.435. 
Several possible explanations may be given for the 
apparent discrepencies between the theoretical and experimental 
curves. In the order of magnitude analysis given in Chapter 
III, it was determined that Ô/Z^  and ô/R^  should be very 
small (<< 1) in order to obtain Eqs, 9-12. For the converging-
diverging tube studied experimentally, ô/Z^  = 1/12 and 
6/R^  = 1/3. The reduction of either or both of these ratios 
could very likely produce experimental results which would 
agree more closely with those from the theoretical predic­
tions. However, the relative thickness of the separation 
region would decrease, and thus increase the difficulty of 
determining experimentally the true end points of the region. 
As noted, the tube used in the experiments did not 
exactly coincide with the geometry expressed by Eq. 1. Also, 
it was felt that the filament of dye could not be traced 
entirely back to the actual separation point. At Reynolds 
numbers near that value to cause incipient separation, even an 
extremely slow injection of dye into the separation region 
can result in the dye moving downstream, because it 
"overshoots" the outer streamline bounding the separation 
region. Thus, the experimental curves in Fig. 12 may indicate 
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that the initial separation occurred at a higher critical 
Reynolds number than was actually the case. 
In Fig. 13 a curve is drawn through data points obtained 
by injecting dye in the converging portion of the tube and 
following its path in the diverging section with the stero-
microscope. The data points obtained are more scattered 
when using this method, as it is difficult to estimate just 
where the dye stream leaves the wall and where it reattaches 
to the wall, particularly if it does not remain in the same 
horizontal plane throughout its path. Nevertheless, the 
limited amount of data collected in this manner indicates 
that incipient separation may occur at a Reynolds number very 
near the value of 127.5 that was predicted. However, it must 
be concluded from all the experimental data that the separa­
tion regions were "moved downstream" from the positions 
predicted theoretically, — . 
It is of interest to look at the variation of the 
critical Reynolds number and the initial separation point 
with the variation of the geometiry of the constriction. As 
noted previously, the theory is restricted to constrictions 
having small slopes, so that Figs. 14 and 15 are intended 
to only indicate the qualitative nature of these variations. 
All geometries are assumed to be described by Eg. 1. 
Figure 14 predicts how the location of the separation 
point varies with the parameter G/R^ . The curve is based on 
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Figure 13. The separation region as determined by injecting dye upstream 
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Eq, 37, and as previously noted this curve does not depend 
upon the ratio of Z^ /R^ . In Pig. 15 the critical Reynolds 
number required for incipient separation is plotted against 
the ratio of the stenosis height to the radius of the 
straight portion of the tube. As would be expected, the 
critical Reynolds number is decreased as the slope of the 
constriction is increased; i.e., as <S/R^  is increased and 
also as Z/R is decreased, o o 
D. Pressure Drop 
A dimensionless form of the pressure drop from the up­
stream end of the stenosis (z = to any position along 
the stenosis is given by Eq. 42. Curves drawn from this 
equation are shown in Fig. 16, for the tube geometry 
= 4RQ = 126. In order to compare the magnitude of any 
pressure drop with that value which would be obtained if 
there were no constriction in the tube, the dotted curves 
were drawn. These curves represent the dimensionless 
pressure drops far Poiseuille flow through a straight tube 
having radius R^ . 
It is not intended that quantitative predictions of the 
pressure drops far Reynolds numbers of 400 and 800 be made. 
However, the curves are of interest because they indicate how 
the region of adverse pressure gradient (positive dp/dz) moves 
toward the throat and toward the end point (z = Z^ ) as the 
f  
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Figure 16. Theoretical pressure drop along the stenosis for = 4R^ = 126 
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Reynolds number is increased. It is also interesting to 
compare the ratio of the maximum pressure drop obtained 
along the stenosis to that pressure drop which would be 
obtained if the tube were straight (the dotted curves). 
At a Reynolds number of 100 this ratio is approximately 7.5. 
It is seen that the ratio increases as the Reynolds number is 
increased, whereas the ratio of the pressure drop across 
the entire stenosis to the pressure drop for the straight 
tube remains constant (2,5) as the Reynolds number is in­
creased. In actuality this second ratio would also increase 
with an increasing Reynolds number, but probably not as 
rapidly as the maximum pressure drop ratio increases. 
Pressure drops were measured in the plastic converging-
diverging tube from a wall tap 6 inches upstream from the 
throat of the constriction to a wall tap 6 inches downstream 
(z/Zg = -4 to 4). The experimental curves are plotted in 
Fig. 17. The reason for measuring the pre^ ssure drop be­
tween the wall taps furthest from the throat was due primarily 
to the fact that the pressure drops were extremely small. 
The relatively long length of tubing between the wall taps 
provided relatively large pressure drops as compared to what 
would have been obtained across the stenosis. With water 
flowing through the tube, a pressure drop of only 0,014 inches 
of water was obtained at a Reynolds number of 1030, The 
methods of obtaining the experimental data plotted in Fig, 17 
Figure 17. Pressure drop from z = -42^  to z = 4Z^  
far the tube geometry = 4R^  = 126 
S3 
d/^ Bovine Blood 
200 
Re 
1000 
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are discussed in Sec. B3 of Chapter IV. 
The theoretical curve was based on Eq. 44. For any 
given Reynolds number, the dimensionless pressure drop 
across the constriction was calculated from Eq. 44, and to 
this value was added the Poiseuille pressure drop (in 
dimensionless form) through a straight section of 0.75-inch 
diameter tubing 9 inches long (since 2Z^  = 3 inches is the 
length of the stenosis). The dotted curve represents the 
pressure drops which would occur if the tube had no con­
striction in it (Poiseuille flow over the entire 12-inch 
length). 
With water flowing through the converging-diverging 
tube, it appears that the theoretical pressure drop curve 
will predict the actual pressure drop with an error of less 
than 10% for Reynolds numbers up to 400. Beyond this value 
the experimental pressure drops are larger than predicted, 
as is expected since the separation region extends beyond 
the point z = Z^ . 
The pressure drops obtained when running bovine blood 
through the system were larger than the predicted values 
over the entire range of Reynolds numbers at which pressure 
drops could be measured (116 to 937). Referring to Fig. 17, 
it is seen that the experimental curve indicates pressure 
drops approximately 1.5 times those predicted theoretically 
for Reynolds numbers up to 400. The ratio increases to 
85 
approximately 2 at Reynolds numbers greater than 700. It 
is not known why such large discrepancies exist between the 
experimental data for bovine blood and that for water. It 
is possible that non-Newtonian behavior of the blood causes 
the dimensionless pressure drops to be higher than for the 
water. Since blood apparently has a yield stress (13, 14, 
15), wall shearing stresses larger than those obtained when 
using water are likely to exist along the tube near the 
separation region. In regions of low shearing strain rates 
(such as near the separation region) the apparent viscosity 
of the blood is expected to be larger than its value as 
determined using the capillary tube viscometer. This 
characteristic of blood might tend to increase the pressure 
drop. Also, it is observed that for Reynolds numbers greater 
than approximately 400, the ratio of the dimensionless 
pressure drop obtained with bovine blood to the dimensionless 
pressure drop obtained with water begins to decrease from a 
value of 1.4 to a value of approximately 1.2. If data could 
have been taken at even larger Reynolds numbers, this ratio 
may have approached 1.0. A plausible explanation for this 
phenomenon is that, for the larger Reynolds numbers, the 
separation region is not as clearly defined as for the 
smaller values, and larger shearing strain rates exist in and 
near the separation region; thus the overall behavior of 
the blood approaches that of a Newtonian fluid as the 
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Reynolds number is increased, 
E. Implication in Occlusive Vascular Disease 
Several researchers have suggested that post-stenotic 
dilatation may be due to turbulence and/or high shearing 
stresses generated downstream from a stenosis (see for ex­
ample references 1 and 2). If the constriction is severe 
so that true turbulence is generated, then it is quite 
likely that the fluctuating stress (due to fluctuating 
pressures and velocity gradients) on the endothelial lining 
causes a deterioration of the endothelial cells, as 
envisioned by Fry (32). This could lead to the development 
of atheroma and/or a subsequent degeneration and weaking of 
the arterial wall. Also, the entire arterial wall may 
be affected by the high frequency fluctuation of the wall 
stress and tend to dilate due to autoregulatory mechanisms. 
It is also possible that in cases where there is a fairly 
well-defined laminar separation region downstream from a 
stenosis, deterioration and weakening of the arterial wall 
may occur due to an insufficient supply of nutrients and 
oxygen to the arterial wall. This would be due to a rela­
tively small amount of interchange of fluid between the 
separation region and the main stream of flow. 
It is not believed that the increase in average pressure 
in the diverging portion of a stenosis, as has been suggested 
87  
by some investigators, is the cause of post-stenotic dilata­
tion. Indeed, the pressure must be at a lower level than 
that upstream. Also, the time-average wall shearing stress 
is expected to be of smaller magnitude than in the converging 
portion of the stenosis, so that post-stenotic dilatation 
due to increased wall shearing stress (time-averaged) is 
unlikely. The possibility exists, however, that the reversed 
direction of the wall shearing stresses in a separation 
region may somehow affect the endothelial lining, and cause 
the artery to dilate due to either autoregulatory mechanisms 
or to a weakening of the arterial wall. 
Some investigators (35) have suggested that a continued 
ingrowth of tissue near the throat of a stenosis is due to 
a "suction" effect. The relatively low pressure which occurs 
just downstream from the throat (see Fig. 16) may tend to 
lift up the media. Rodbard (2) has a suggested that low 
shearing stresses downstream from the throat cause the vessel 
to constrict, and that over a long period of time the artery 
becomes reorganized around its new geometry. In view of 
the theory developed, both of these speculations seem 
plausible. Holman, et a]^ . (36) have suggested that local 
arterial wall hypertension may lead directly to the develop­
ment of atheromatous plaques, or indirectly to their 
development by suppressing the secretion of lipids which 
are synthesized in the arterial wall. Thus the abnormal 
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action of pressure and shearing stress on the arterial wall 
may contribute to atherosclerosis by causing hypertension 
in the arterial wall. 
The development of intravascular thrombi has been re­
lated to both turbulence (6, 9) and to stasis (4, 37). 
Turbulence has been said to precipitate thrombosis (which 
leads to atheroma) by damaging both the blood and the arterial 
wall. However, Fox and Hugh (4) state that intravascular 
thrombosis is more often associated with areas of stasis, 
and they envision that within static zones fibrin and plate­
lets interact to form a mesh which can trap lipid particles 
and lead to a plaque of atheroma, Wesolowski, et al. (37) have 
observed the progression of intravascular mural thrombi 
through stages of red fibrin, fatty degeneration, fibrosis, 
and cartilaginous formation which attracts calcium. Since 
thrombus formation has been related to areas of stasis in­
volved with both prosthetic heart valves and with arterial 
grafts, it very likely can be related to areas of stasis 
associated with separation from an arterial stenosis, 
Dintenfass (38) speculates that thrombus formation is 
due to higher blood viscosity causing increased circulation 
times of the sedimenting aggregates of red blood cells. This 
leads to progressive hypoxia of the cells and further sedi­
mentation of them. He states that they could then degenerate 
and likely contribute to thrombus formation. These ideas 
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may easily be extended to thrombus formation in or near 
separation regions, as Dintenfass stated that agglutination 
of red cells increased (with a resulting increase in the 
apparent viscosity) at low shear rates. 
Since blood does have a yield stress, the blood will 
cease to flow as the rate of shearing strain becomes very 
small. This may occur near the separation and reattachment 
points of a stenosis. Further, since an increased concen­
tration of fibrinogen may occur in the interfacial region 
between the arterial wall and the blood (32), it is possible 
that a fibrin network may develop in the stagnant blood near 
the separation and reattachment points. 
Fry (32) states that under normal conditions a molecule 
such as fibrinogen is competing for water, but its affinity 
for water is lower than that of other substances in the blood. 
Therefore it tends to be forced into regions where there are 
fewer free water molecules by the more "aggresive" hydro-
philic substances, e,g,, albumin. The fewest free water 
molecules occur at a free surface, and probably at an 
interface where water molecules are more tightly bonded 
together. Thus, he speculates that increased concentration 
of fibrinogen may occur in interfacial regions. Merrill, 
et al. (15) have concluded that a "structuring" of blood 
occurs between red blood cells in the presence of fibrinogen, 
and without fibrinogen blood is nearly Newtonian and has no 
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yield stress. Thus if the concentration of fibrinogen is 
high near the arterial wall, it would seem that "structures" of 
red blood cells might develop in regions of stagnant or nearly 
stagnant flow, as speculated above. An intravascular clot is 
expected to develop if conditions are such that fibrinogen 
is converted to fibrin. 
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VI. SUMMARY AND CONCLUSIONS 
The steady flow through an axisymmetric converging-
diverging tube has been studied both theoretically and experi­
mentally, and some possible implications of the flow to the 
further development of vascular lesions are discussed. The 
mathematical model is based on the assumptions that the geo­
metry of the constriction is such that the maximum height 
of the protuberance (6) is small with respect to both the 
radius of the straight tube (R^ ) and the half-length of the 
constriction (Z^ ). An approximate solution based on these 
conditions has been obtained. The velocity profile, pressure 
drop, wall shearing stress, and location of the separation 
region (when separation does occur) were determined from 
this solution. These expressions are expected to be valid 
over the entire length of the stenosis for Reynolds numbers 
up to the critical value required for separation, and 
possibly for slightly larger Reynolds numbers in the diverging 
portion of the tube, 
A plastic converging-diverging tube was constructed to 
determine the separation and reattachment points and the 
pressure drop across the entire stenosis when both water and 
blood were flowing through the tube. The experimental results 
obtained for the water and blood did not differ greatly. 
However, they did differ from the theoretical results. 
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According to the theory, the initial separation was ex­
pected to occur at a lower Reynolds number (127.5) and at a 
position closer to the throat of the constriction (z/z^  
= 0.435) than was observed experimentally (approximately 
200 and 0.7, respectively). Three primary reasons may be 
given for the apparent disagreement: 
(a) Although carefully constructed, the geometry of the 
converging-diverging tube did not precisely agree with that 
studied theoretically. 
(b) The method of determining separation is believed to 
be conservative, in that separation very likely occurs before 
the injected dye is seen to move upstream. 
(c) The ratios of d/R^  and ô/Z^  were 0.333 and 0.083, 
respectively. Smaller values, particularly for 5/R^  would 
have better satisfied the assumptions made in the theoretical 
analysis. 
It is concluded that separation from relatively mild 
stenosis in a small artery can occur in a range of Reynolds 
numbers observed in physiological systems. The relatively 
stagnant flow in small separation regions may contribute to 
the continued inward growth of a stenosis and/or to post­
stenotic dilatation. For larger Reynolds numbers, or a more 
severe constriction, the turbulence generated in the down­
stream portion of the separation region most likely con­
tributes to post-stenotic dilatation, perhaps through the 
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fluctuation of wall stress. 
Pressure drops across the entire stenosis were measured 
when both water and bovine blood were flowing through the 
converging-diverging tube. Larger pressure drops (in dimen-
sionless form) were obtained when using the blood than when 
using the water, particularly at Reynolds numbers less than 
400. The reason for the discrepancy between the two ex­
perimental curves is unknown. The pressure drops for water 
appeared to be within 10% of those values predicted theoret­
ically, for Reynolds numbers less than 400. If pressure 
contributes to post-stenotic dilatation, it is perhaps through 
a fluctuation, rather than through an increase in the average 
pressure in the diverging portion of a stenosis. 
94 
VII. RECOMMENDATIONS FOR FURTHER STUDY 
Improvements could be made in the theoretical analysis 
as were indicated in Chapters III and V. It was noted that 
Eq, 17e may tend to diminish the centerline velocity U in 
the converging portion of the tube, so that a "dip" in the 
velocity profile is obtained near the center of the tube for 
the larger Reynolds numbers. Simply changing U to 2Û in 
Eq. 17e may help to remedy this apparent problem. By taking 
the expression obtained for the velocity profile and sub­
stituting it into the integral in Eq. 14, a new solution 
(a second approximation) will be obtained, which is expected 
to be a better solution than the first approximation. Of 
course this procedure could be performed a third time but the 
calculations become very tedious. 
Another possible method of improving the solution would 
be to use a higher order polynomial for the assumed form 
of the radial dependence of the velocity profile. The addi­
tional relationships which would be needed to evaluate the 
coefficients could come from the first or second approxima­
tions. Also, Eq. 17e could be replaced by a more reasonable 
expression, obtained from the first or second approximation. 
Equation 22 can possibly be integrated numerically. 
Further investigations are needed to determine the 
dimensionless pressure drops at various positions along the 
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stenosis, and to compare those obtained for Newtonian fluids 
with those obtained when using blood. It is recommended 
that a glycerol-water solution (approximately 40% glycerol 
by volume) be used so that the magnitudes of the actual 
pressure drops are near those obtained when using blood. 
Another converging-diverging tube could be constructed 
so as to more closely satisfy the theoretical geometry and 
the assumptions made. The larger the tube constructed, the 
more accurate the geometry obtained should be. However, 
a larger quantity of fluid will then be needed to fill the 
system. If it is desired to study the flow characteristics 
of blood in the experimental tube, then blood from two or 
more animals may have to be mixed in order to fill the system. 
It would be quite interesting to perform some vivo 
studies, A small artery could be either externally banded 
to form an axisymmetric stenosis, or a plug of desired 
geometry could be inserted into the artery. Both short and 
long term studies to determine the effects of stenoses of 
different geometries should be conducted. 
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X. APPENDIX A; DEVELOPMENT OF WALL SHEARING 
STRESS RELATIONSHIP 
In order to develop an expression for the wall shearing 
stress, forces are summed on a small volume of fluid adjacent 
to the wall in the diverging portion of the tube. Figure 18 
shows such an element of fluid, and the forces acting on 
the element. When the forces acting on the fluid in the 
radial and axial directions are set equal to zero one obtains, 
respectively 
% ® = "rr ^ 2 - ''zT H - •'w ® 
+ 20g@ sin fê. (Al) 
and 
0 = 0^  Aj^  sin G - Ozs A] + Trz (A2) 
where the inertia terms have been left out of Eqs. A1 and A2 
since they will drop out when AR, AL, and A3 are allowed to go 
to zero. 
The stresses and areas as given on Fig, 18 are now 
substituted into Eq. A2 (where is substituted from Eq. Al) 
and the resulting equation is divided by RAgAL. One obtains: 
T^ (l + tan^ 0) = (p - 2vi 1^ ) (tan©) 
+ + <-P + U) (tanS) (1 - ||) 
- M(|| + |j) (tan^ s) + (-P + 2y j) (tan9) (A3) 
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AL 
zr 3 
00 4 
AR 
AR R-
rr 2 
RA6AL 
(R~) (AB) (AL cosG) 
RA6(AL sin0) 
AP 
~ (AL COS0) 
°rr = -P + âF A. 
00 -P + 2y (p) 
= 
zz 
= -p + 2y 3u S z 
A^  = 
rz ?:r = + 1?) A, = 
Figure 18. Free-body diagram of a fluid element 
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The incremental volume of fluid is now allowed to shrink 
to a point (AL, AR, and A3 approach zero). Thus the wall 
shearing stress at any point along the tube is given by 
T^ (sec^ 0) = 2u(|^  - ~) tanG 
+ + 1%) -W(|% + tan^ G (A4) 
Equation A4 is put into dimensionless form by the transfor­
mations given in Eq. 5 of the text. 
^ ] [1 - tan G^] (A5) 
"o^ o o^ ^ o 3z 3x 
iT ^ 
It was shown by Eq, 8 that — ~ 0 (:^ ) . Also, since 
9z o 
the angle 0 must be small, secQ and tanG may be approximated 
by 1 and 0, respectively. Since = e << 1, and 0(2^ ), 
o 
all terms on the right hand side are negligibly small as 
compared to — . Thus, the wall shearing stress can be 
"o^ o 9? 
approximated by 
= V (#) (AG) 
where the derivative is evaluated at r=R. 
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XI. APPENDIX B: DEVELOPMENT OP PRESSURE DROP 
RELATIONSHIP 
It is desired to integrate Eq, 28 using the conditions 
that p = p_ and R = R_ at z = -Z_. Thus 
o o o 
ap = PQ2 r 1 aa - m f ' R-^ az 
J p o  I575n^  JR^ R^  J-Zo 
or 
Substituting in R = R^  - 4 (1 + cos one obtains O Z 
o 
dz 
(Bl) 
_ SyO f= 
n J._ . — nz.,4 (B2) 
•^ o IV #(1 + z;)] 
Since both the bracketed term and the integral in the above 
expression are positive, p - p^  will be negative all along 
the stenosis, as, of course, must be the case. In dimension-
less form, Eq. B2 becomes 
EIE° = - 1358 R 4 ( 1 1 ) 
pô„2 1575 o ^^ 4' 
- ''k 1-Z, tR„- f(l 1^ )1^  
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2U R 
where Re^  = —-— . The integral in B3 is evaluated as 
follows : 
Let 
M 
•z Z. rZ_ 
= f dz = fo r 
j-z_ [R - id + cos p-)]^   ^ J 
(B4) 
where 
'Q q f (a+b cos0)4 
o 
® = vl b = - § 0 = 1^ (B5) 
Let 
. 0 . Hz X = tan Y = tan ^ (B6) 
Then 
cos 0 = l-(l-cos 0) = 2 0 l-2sin^  ^  (l-sin^  |) sinZ § 
cos^  I" - sin^ {|-) l-tan^ (|-) 
cos^  ^  + sin^ (|-) l+tan^ (~) 1+x^  
and 
d0 = 2(cos^  ^ jdx =  ^2 dx 
Therefore 
I  = 
n 
l+x 
tan(^ ) 1+== 
1^^  ax 
a+b t-i^ ] 
1+x 
fc 
n 
ftan §. 
tan(^ ) 
(l+x2)3 
[(a+b) + x^ (a-b)]^  
dx 
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2Z. 
n(a-b) 
tan-Hz 2Z 
- = % 
tan(j-) (c+x ) HR. tan(dl) 
dx 
where 
c = a+b _ o^" I " I ^ 
(B7) 
(B8) 
R. 
The function inside the integral in Eq, B7 is now expanded 
into partial fractions 
(1+x^ )^  _ _A  ^ B + P. _ + _ B 
(c+x^ ) ^ c+x^  (c+x^ ) ^ (c+x^ )^  (c+x^ ) ^ 
Solving for A, B, D, and E and substituting into Eq. B7 gives 
dx + 3(l-c) 
IIR^  * •* C+x' 
+ 3(l-c)2 
(c+x^ ) 
dx 
(c+x2)3 
x=tan ïïz 2Z. 
+ (1-c) ?f dx j o 
J (c+x^ ) ^ x=lim rtanZ^ Z-
Z+-Z 
(B9) 
[tan——] 
o o 
where the superscript and subscript on the last bracket denote 
that all integrals are evaluated at these limits. The four 
integrals are evaluated using standard tables (39) and Eq. B9 
becomes 
2Z_ 
I = —^  {— arctan — + 3 (1-c) [ —= 
HR^  /c /c 2c(c+x ) 2c/c 
+ —^ — arctan 
/H 
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+ 3(1-0) 2 3x 3 5£L-^  + —£_ arctan 
2c(c+x ) 2c/c 
X 
4c /F 
/ë 
X 
+ E[_l + 3(l-c) + 9(l-c)2 + 5(1-C)^ J , 
 ^/c 2c/c 8c^ /2 16c^ /c 
(BIO) 
where x and c are given by Eqs. B6 and B8. When Eq, A10 is 
substituted into B3, the pressure drop from z = -Z^  to the 
desired cross section along the stenosis is obtained. 
Of particular interest is the total pressure drop 
across the stenosis. This is obtained by letting in 
Eq. B3 (after first substituting Eq, BIO into Eq, B3. Thus 
where the subscript T denotes the total pressure drop and 
It is noted that Equation B4 for I can be evaluated by the 
theory of residues when the upper limit is Z^ . This was 
carried out and the result checked with Eq, Bll, 
iâ- 5° [_i + 3(1-=) + (Bll) 
®o o /c 2c/c 8c /c 16c /c 
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XII. APPENDIX Cs TABULATED DATA 
Table 1. Original test data 
Temp- Specific Viscosity Hematocrit Flow Separa­ Reattach­ Pressure 
Fluid erature Gravity (centi- (%) Rate tion ment Drop 
(*C) stokes) (ml/sec) Point Point (in. of 
(z, in.) (2, in.) fluid) 
water 26 .0 1.000 0.875 - 2.8 1.25 — 
3.1 1.10 1.50 
3.8 1.00 1.50 
4.2 0.95 -
4.4 - 1.75 
5.3 0.82 — 
5.8 - 2.00 
6.3 0.75 -
7.5 0.70 2.5 
10.0 - 3.0 
10.6 0.55 — 
11.1 - 3.5 
12.2 — 4.5 
1 f ( 1 ' 1 ' 12.5 0.55 
water 24 .6 1.000 0.902 - 13.9 - — 0.0140 
10.9 0.0090 
 ^ 9.6 0.0070 
24 .8 0.897 9.1 0.0071 
8.5 0.0052 
6.4 0.0035 
5.0 0.0027 
4.1 0.0025 
2.6 0.0010 
! f , 1.6 0 
0.0006 
0 
Table 1 (Continued) 
Temp, Specific 
Fluid erature Gravity 
(°C) 
Viscosity Hematocrit 
(centi- (%) 
stokes) 
Plow Separa­ Reattach­ Pressure 
Rate tion ment Drop 
(ml/sec) Point Point (in. of 
(z, in.) (z, in.) fluid) 
21.0 1.25 1.25 — 
24.8 1.15 1.40 
26.2 1.00 1.50 
32.3 0.85 1.75 
37.1 0.70 2.0 
45.0 0.70 2.0 
51.0 0.68 2.2 
60.0 0.60 2.4 
70.0 0.55 2.5 
74.5 0.50 2.6 
80.5 0.50 2.7 
84.0 0.49 2.8 
10.0 — — 0.04 
17.6 0.06 
25.8 0.10 
51.5 0.29 
60.0 0.35 
68.5 0.42 
73.7 0.49 
79.5 0.56 
23.5 0.13 
19.5 0.10 
14.0 0.07 
21.0 0.10 
27.5 0.13 
32.5 0.15 
35.5 0.16 
37.5 0.18 
42.0 0.20 
47.5 0.25 
bovine 
blood 
24.0 1.054 5.73 43 
Table 1 (Continued) 
Temp. Specific Viscosity Hematocrit Flow Separa­ Reattach­ Pressure 
Fluid erature Gravity (centi- (%) Rate tion ment Drop, 
(°C) stokes) (ml/sec) Point Point (in, of 
(z, in.) (z, in.) fluid) 
human 24 .0 1.046 5. 50 32 18,0 1.25 1.25 — 
blood 20.6 1.20 1.40 
25.0 0.85 1.62 
28.5 0.80 1.75 
35.0 0.75 1.90 
40.6 0.75 2.2 1 
' f f ) 52.0 0.60 2.9 
water 26 .0 1.000 0, 875 2.2 0.80 1.30 
26 .0 0. 875 3.9 0.65 1.35 
25 .0 0. 893 5.8 0.65 1.60 
25 .0 0. 893 13.1 0.50 2.60 
26 .0 0. 875 7.7 0.70 1.70 
26 .0 0. 875 9.1 0.65 2.20 
f 26 .0 f 0. 875 11.8 0.58 2.60 
